Generating nonclassical light offers a benchmark tool for the fundamental research and potential applications in quantum optics. Conventionally, it has become a standard technique to produce the nonclassical light through the nonlinear optical processes occurring in nonlinear crystals. In this review we describe using cold atomic-gas media to generate such nonclassical light, especially focusing on narrow-band biphoton generation. Compared with the standard procedure, the new biphoton source has such properties as long coherence time, long coherence length, high spectral brightness, and high conversion efficiency. In this paper we concentrate on the theoretical aspect of the entangled two-photon state produced from the four-wave mixing in a multilevel atomic ensemble. We show that both linear and nonlinear optical responses to the generated fields play an important role in determining the biphoton waveform and, consequently on the two-photon temporal correlation. There are two characteristic regimes determined by whether the linear or nonlinear coherence time is dominant. In addition, our model provides a clear physical picture that brings insight into understanding biphoton optics with this new source. We apply our model to recent work on generating narrow-band (and even subnatural linewidth) paired photons using the technique of electromagnetically induced transparency and slow-light effect in cold atoms, and find good agreements with experimental results.
Introduction
Nonclassical light generation has attracted much attention over the last 40 years, partly because it not only provides a powerful probe for addressing fundamental issues of quantum theory such as complementarity, hidden variables, and other aspects central to the foundations of quantum mechanics [1] ; but also holds promise for many potential applications to quantum information processing [2] , quantum computation and communication [3] , quantum cryptography [4] , quantum imaging [5] , quantum lithography [6, 7] , and quantum metrology [8] . In particular, entangled photon pairs have already been established as a standard research tool in the field of quantum optics. Traditionally, paired photons are produced from spontaneous parametric down conversion (SPDC) [9, 10] , in which a strong pump laser drives the atomic oscillators in a noncentrosymmetric crystal into a nonlinear regime, and then two down-converted beams are radiated by these oscillators. The two downconverted photons from such a nonlinear process usually have very broad bandwidth (typically in the THz range) and very short coherence time (typically around few picoseconds) so that their waveforms are not resolvable by existing single-photon detectors (which have resolution around the nanosecond range). In addition, the short very long lifetime, their atomic hyperfine structures can be resolved without need of a Doppler-free setup. The second is the electromagnetically induced transparency (EIT) [21, 22, 23] which not only can eliminate absorption on resonance but also enhance nonlinear interactions at low light level [25, 26, 27, 28] . Following the theoretical proposal in [14] and early experiments by Lukin and Kimble groups [29, 30] , generation of nonclassical correlated photon pairs by exploring the "writing-reading" procedure has attracted much research interest. However, the created paired photons are not maximally time-frequency entangled due to two separate operation processes. Using cold atomic-gas media and EIT-assisted four-wave mixing (FWM), Harris group at Stanford University was the first to generate time-frequency entangled narrow-band biphotons with cw driving fields in a double-Λ system [31, 32] . By controlling the EIT at a sufficiently high optical depth (OD) around 50, biphotons with subnatural linewidth have been produced in a recent experiment, where the coherence time is up to about 1 µs in a twodimensional magneto-optical trap (MOT) [33] . Vuletic and his colleagues have also produced biphotons with a temporal coherence length of 100 ns by trapping cold atoms inside an optical cavity [34] . Du et al. , by driving a two-level system into the nonlinear region, have also created paired photons with correlation time of same order of magnitude [35] .
To describe the physics behind narrow-band biphoton generation from the EIT-based multilevel atomic system, two different approaches have been presented in the literature. One approach is to use the Heisenberg-Langevin method by solving the coupled field operator equations in the Heisenberg picture, and the results agree well with the experimental data in the two-photon correlation measurement [36, 37] . The advantage of this method is that it provides a sophisticated calculation of the effects from the Langevin noises, the medium absorption and optical gain on the biphoton wavepacket. Working in the interaction picture, the other approach developed by Wen et al. [38, 39, 40, 41] focuses on the description of the twophoton state vector after the nonlinear medium using perturbation theory. This state vector theory not only properly describes the experimental results but also offers a clear physical picture on biphoton generation mechanism. It is the intent of this paper to review and generalize this latter approach by taking into account both linear loss and gain, and provide more insights on the roles of nonlinear interaction and linear response to the biphoton amplitude. Using this state vector picture, we show that the two-photon wave function is a convolution of the nonlinear and linear optical responses. According to this convolution, the two-photon temporal correlation is considered in two regimes, damped Rabi oscillation and group delay.
The paper is organized as the following. In Sec. 2, using perturbation theory we lay out a general formulism of the two-photon state and biphoton wavepacket (or amplitude) generated from the FWM parametric process. In Sec. 3, taking a four-level double-Λ atomic system as an example, we show that the linear and nonlinear optical responses to the generated fields play an important role in determining the two-photon amplitude. By looking at the nonlinear susceptibility, we illustrate the mechanism of biphoton generation in such a system. In Sec. 4 we describe the damped Rabi oscillation regime where the biphoton amplitude is mainly characterized by the structure of the third-order nonlinear susceptibility. We show that the two-photon temporal correlation can exhibit damped and over-damped Rabi oscillaitons. In Sec. 5, we describe the group-delay regime where the biphoton wavepacket is mainly determined by the phase matching due to the linear optical response. In Sec. 6, we examine the two-photon interference using biphotons generated from such a cold atomic-gas medium. We show that by manipulating the linear optical response, it is possible to switch the two-photon anti-bunching-like effect to bunching-like effect. Finally, we draw the conclusions and outlook in Sec. 7.
The Two-Photon State and Wave Function
A schematic of biphoton generation via a four-level double-Λ atomic system is shown in Fig. 1 , where in the presence of a cw pump (ω p ) and coupling (ω c ) lasers, phase-matched, paired Stokes (ω s ) and anti-Stokes (ω as ) photons are spontaneously produced from the FWM process in the low-gain limit. As shown in Fig. 1(a) , the strong coupling laser forms a standard three-level Λ EIT scheme with the generated anti-Stokes field. Therefore, the role of the coupling laser here is that it not only assists the FWM nonlinear process but also creates a transparency window for the anti-Stokes photons by the slow-light effect. With the use of EIT, it is possible to generate the anti-Stokes photons near atomic resonance |1 → |3 , which greatly enhances the efficiency of FWM process. The phase-matching condition allows forward and backward two generation configurations, as shown in Fig. 1(b) and (c), respectively. In the backward generation configuration paired Stokes and anti-Stokes photons can propagate collinearly with the pump and coupling beams [31, 33] , and can also propagate in a right-angle geometry [32] . These flexible generation setups depend on whether the relationship k p + k c = 0 is well satisfied, where k p,c are wave vectors of the input pump and coupling fields. One advantage for the backward generation geometry is that it allows us to easily separate the generated weak fields from the strong inputs.
In the following discussions, we assume that the cold atomic-gas medium consists of identical four-level atoms prepared in their ground state |1 [see Fig. 1(a) ]. The idealized atoms or molecules are confined within a long, thin cylindrical volume with a length L and atomic density is N . For simplicity, in this paper we will not take into account the Doppler broadening and polarization effects. In the two-photon limit, the quantum Langevin noise introduces unpaired photons which are not of interest here and so is ignored. In addition, we concentrate on the two-photon temporal correlation.
We start with the geometries shown in Fig. 1 (b) and (c), where Stokes-anti-Stokes photon pairs propagate along the z axis. We denote the electric field as
, where E (+) and E (−) are the positive-and negative-frequency parts. The input pump and coupling beams are assumed to be strong classical fields, so that
where k p,c are pump and coupling field wave numbers. The ± sign in Eq. (1) stands for the forward and backward propagation geometries for the pump laser. The single-transverse-mode Stokes and anti-Stokes fields are taken as quantized,
where k s,as are wave numbers of Stokes and anti-Stokes photons, and A is the single-mode cross section area.. The annihilation operatorsâ s (ω s ) andâ as (ω as ) satisfy the commutation relation
In the interaction picture, the effective interaction Hamiltonian for the four-wave mixing parametric process takes the form [38, 39, 40, 41 ]
where h.c. means the Hermitian conjugate, and χ (3) is the third-order nonlinear susceptibility to the Stokes (or anti-Stokes) field defined by the nonlinear polarizabilitŷ P
as,s [42] . With use of Eqs. (1) and (2) , after the z integration we rewrite the Hamiltonian (4) aŝ
where ∆k = k as ± k s − (k c ± k p ) is the phase mismatching for the forward (+) and backward (−) configurations. When the pump and coupling fields are incident with an angle respect to the z axis, the phase mismatching can be generalized as ∆k = ( k as + k s − k c − k p ) ·ẑ, wherê z is the unit vector along the +z axis. The integral over the length L gives a sinc function sinc( ∆kL 2 ), which determines the two-photon natural spectrum width. Perturbation theory gives the photon state at the output surface(s) approximately as a linear superposition of |0 + |Ψ , where |0 is the vacuum state. The two-photon (biphoton) state |Ψ can be expressed as
Because the vacuum is not detectable, from now on we will ignore it and only consider the two-photon part.
Higher order terms with four, six, etc. photons are negligible for low-power continuous pumping. Using the Hamiltonian (5) in Eq. (6), the time integral yields a δ function, 2πδ(ω c + ω p − ω as − ω s ), which expresses the energy conservation for the process. If L is infinite, then the sinc function Lsinc( ∆kL 2 ) in (5) becomes a δ function, δ(∆k). In this case, the conditions
both hold and the phase matching is said to be perfect. The phase matching condition arises from the fact that the FWM process is a coherent process. Now the twophoton state (6) becomes
As seen from Eq. (8), the two-photon state is entangled in frequency and wave number, but is not entangled in polarization. In frequency space, the entanglement is the result of the frequency phase-matching condition, which implies that the detection of a photon at frequency ω as requires the detection of the other photon at frequency ω p + ω c − ω as . The frequency correlation has interesting consequences for the temporal behavior of the pair [31, 32, 33, 36, 37, 38, 39, 40, 41, 44] , as we shall see. The state is also entangled with respect to the wave number since the sinc function sinc( ∆kL 2 ) cannot be factorized as a function of k as times a function of k s . In the general noncollinear case, the wave-number entanglement has implication for the spatial correlation of photon pairs [38] . The polarization-entanglement generation has been discussed in [40, 43] .
To study the optical properties of paired Stokes and anti-Stokes photons generated from such a four-level system, let us look at the simple experiments of two-photon joint-detection measurement as shown in Fig. 1(b) and (c), where anti-Stokes photons go to detector D 1 and Stokes photons go to D 2 . The two-photon temporal correlation is the quantity of primary interest in this paper. The field annihilation operators in time domain on the surfaces are expressed aŝ
It can be shown that they obey the following commutation relation
The joint-detection probability is defined by Glauber's theory,
In general, Ψ(t as , t s ) is referred to as the two-photon amplitude, or biphoton wavepacket. With the help of Eqs. (8) and (9), the two-photon wave function (or amplitude) now is
where
with the relative time delay τ = t as − t s and κ(ω as ) = κ(ω as , ω c + ω p − ω as ). In Eq. (13), Φ(ω as ) is defined as the longitudinal detuning function,
From Eq. (13) we see that the biphoton wave function is determined by both the nonlinear coupling coefficient (κ) and the longitudinal detuning function (Φ). In the time domain, ψ(τ ) is a convolution ( * ) ofκ andΦ
Here,κ(τ ) is Fourier transform of the nonlinear coupling coefficient κ(ω as ),
and similarly,Φ(τ ) is Fourier transform of the longitudinal detuning function Φ(ω as ),
The photon pair emission rate R can be evaluated, by using Eqs. (13), as
Now let us consider a photon counting experiment. Let the detectors be at equal distances from the source so that the relative time delay caused by the free-space propagation of electric fields are equal. Suppose the Stokes photon is detected by D 2 at time t s , and after a controllable delay (τ ) detector D 1 is opened to detect the anti-Stokes photon. Assuming perfect detection efficiency, the averaged two-photon coincidence counting rate is determined by
Π(τ ′ ; τ, τ + t c ) is the coincidence window function within the time bin width t c : Π = 1 for τ ≤ τ ′ ≤ τ + t c ; otherwise, Π = 0. When the two-photon coherence time is much larger than the detector time bin width t c , Eq
, which is a measure of the two-photon correlation function. This is the essence of narrow-band paired photons measurement discussed in this paper.
Equation (12) is the starting point for the discussions in the following sections. By extending wave numbers as complex variables, the effects of loss and gain inside the material can be properly included in the above theory, as we shall see. It is found that to be consistent with the Heisenberg-Langevin theory [36, 37] in the low-gain limit, the argument in Φ should be replaced by ∆k = ( k as + k * s − k c − k p ) ·ẑ, where k * s is the conjugate of k s . Before proceeding the discussion let us make a short summary. In this section, we have laid out the general formulism of the two-photon state and wave function generated in a FWM medium pumped by two cw classical fields using perturbation theory. The two-photon state (8) is a coherent superposition and it is entangled in frequency and wave numbers. The biphoton wave function, as shown in Eq. (15) , is a convolution ofκ andΦ. Alternatively, Eq. (13) states that the two-photon spectrum is determined by both the nonlinear susceptibility and the phase matching. This implies two regimes for the temporal correlation measurement, as discussed in Sec. 4 and Sec. 5. The methodology explored here is equivalent to the Heisenberg-Langevin theory [36, 37] at the two-photon level. Moreover, this method offers a clear physical picture of the paired photons, which makes it easier to understand the two-photon interference experiment [45, 46, 47, 48] . Using the above theory new phenomena have been analyzed [33, 44, 49] which are not easy to be interpreted from the Heisenberg-Langevin theory. For example, the two-photon correlation at a high optical depth [33] , the simulation by numerically solving the Heisenberg-Langevin coupled-operator equations shows a good agreement in the leading edge spike with the experiment data, but the nature of optical precursors is much easier to be understood in the present biphoton state picture [44] .
Nonlinear and Linear Optical Responses
As shown in Eq. (12), the two-photon wavefunction is determined by both the nonlinear susceptibility and the longitudinal detuning function. Therefore, in this section we look at the linear and nonlinear optical responses to the generated fields. On the one hand, the importance of the nonlinear susceptibility is that it not only characterizes the strength of the nonlinear parametric process but also is the mechanism of biphoton generation. As a consequence, it determines the feature of the two-photon temporal correlation in one regime. On the other hand, the longitudinal detuning function (related to the linear susceptibilities) sets the natural spectral width of biphotons, and governs the pattern of the temporal correlation in another regime. The optical response of a four-level double-Λ EIT system has been discussed in [36, 37, 38] . Wen et al. have further systematically studied the optical responses in a three-level double-Λ scheme [40] and a two-level system [39] . Recently, the responses of a fourlevel inverted-Y system have been analyzed in [41] .
For simplicity, here let us still choose paired Stokesanti-Stokes generation shown in Fig. 1 as an example to illustrate the physics behind FWM. Assuming that the intensity of the off-resonant pump laser is chosen so that the atomic population remains primarily in the ground level |1 , the third-order nonlinear susceptibility for the generated anti-Stokes field is [28, 38] 
In Eq. (20), µ ij are the electric dipole matrix elements, Ω c = µ 23 E c /h is the coupling Rabi frequency, and γ ij are dephasing rates, respectively. ∆ p = ω p − ω 41 is the pump detuning from the atomic transition |1 → |4 . ω = ω as − ω 31 is the detuning of the anti-Stokes photons from the transition |1 → |3 , and we will take ̟ as = ω 31 as the anti-Stokes central frequency. Ω e = |Ω c | 2 − (γ 13 − γ 12 ) 2 is the effective coupling Rabi frequency. γ e = (γ 12 + γ 13 )/2 is the effective dephasing rate.
. This is the generation mechanism of biphotons produced from the FWM in atomic-gas media. Consequently, the interference between these two types of biphotons will appear in the two-photon temporal correlation, as shall be discussed in Sec. 4. The results obtained here agree well with the dressed-state picture [39, 40, 41] .
The linear susceptibilities at the Stokes and anti-Stokes frequencies are, respectively,
where Ω p = µ 14 E p /h is the pump Rabi frequency. The complex wave numbers of Stokes and anti-Stokes photons are obtained from the relations k s = (ω s /c) √ 1 + χ s and k as = (ω as /c) √ 1 + χ as , where the imaginary parts stand for the Raman gain and EIT loss, respectively. The linear susceptibility (22) to the anti-Stokes field takes the form of standard EIT. As expected, the coupling beam Ω c not only assists the propagation of the anti-Stokes photons by creating an EIT window, but also manipulates the group velocity using the slow-light effect. Another role played by EIT here is that it allows the nonlinear optics occurring near atomic resonance with small absorption and hence enhances the efficiency of the nonlinear interaction.
It is instructive to examine the linear responses under some simplifying approximation. Taking |Ω p | ≪ ∆ p , Eqs. (21) and (22) give χ s ≃ 0 and k as ≃ k as0 +ω/V g +iα so that the wave-number mismatching is ∆k ≃ ω/V g +iα. Here k as0 is the central wave number of the anti-Stokes field, V g is its group velocity, and α, the imaginary part of the anti-Stokes wave number, characterizes the EIT loss, respectively. Now Eq. (14) can be approximated as
which sets a coherence time about τ g ≈ L/V g . In Eq. (23), α = 2N σ 13 γ 12 γ 13 /(|Ω c | 2 + 4γ 12 γ 13 ) where σ 13 = 2π|µ 13 | 2 /(ε 0h λ 13 γ 13 ) is the on-resonance absorption cross section in the transition |1 → |3 .
As discussed in this section, there are three important characteristic frequencies that determine the shape of the biphoton wave function. The first is the coupling effective Rabi frequency Ω e , which determines the tworesonance spectrum of the nonlinear susceptibility. The second is the linewidth 2γ e of the two resonances in the nonlinear susceptibility. The third is the full-width-athalf-maximum (FWHM) phase-matched bandwidth determined by the sinc function, ∆ω g = 2π × 0.88/τ g , where τ g is the anti-Stokes group delay time. In time domain, they correspond to the Rabi time τ r = 2π/Ω e , nonlinear coherence time τ e = 1/(2γ e ) and group delay time τ g . The group delay time can be estimated from τ g = L/V g ≃ (2γ 13 /|Ω c | 2 )OD with the optical depth defined as OD = N σ 13 L. The competition between τ r , τ e and τ g will determine which effect plays a dominant role in governing the feature of the two-photon correlation. Therefore, in the following we will discuss the two-photon joint-detection measurement in two regimes, damped Rabi oscillation and group delay.
Damped Rabi Oscillation Regime
Let us first look at the damped Rabi oscillation regime, where optical properties of the two-photon amplitude (8) are mainly determined by the nonlinear coupling coefficient. This regime requires that the effective coupling Rabi frequency Ω e and linewidths γ e be smaller than the phase-matching bandwidth ∆ω g or τ r > τ g and 1/(2γ e ) > τ g , so that we can treat the longitudinal detuning function as Φ(ω) ≃ 1 andΦ(τ ) ∼ δ(τ ). The biphoton spectral generation rate is proportional to |κL| 2 ∝ |χ (3) L| 2 . Hence both biphoton spectrum intensity and emission rate are proportional to OD 2 . If 1/(2γ e ) > 2π/Ω e , the two-photon temporal correlation clearly exhibits a damped Rabi oscillation with oscillation period 2π/Ω e ; if 1/(2γ e ) < 2π/Ω e , the second and following oscillations are suppressed because of the short dephasing time, as experimentally demonstrated in [31, 32] .
Let us consider the case of Ω c > |γ 13 − γ 12 | first, which implies a real effective coupling Rabi frequency Ω e . The two-photon wave function now is determined by Fourier transform of the nonlinear coupling coefficient (17) , which is
and B = −i N µ13µ32µ24µ41 √ ̟as̟s
. The heaviside step function here is defined as Θ(τ ) = 1 for τ ≥ 0, and Θ(τ ) = 0 for τ < 0. Combining with Eq. (12), the biphoton wavepacket becomes 
where ̟ as + ̟ s = ω p + ω c and ̟ as = ω 31 have been used. The physics of Eq. (25) is understood as follows. Because the two-photon state is entangled, it cannot be factorized into a function of t as times a function of t s . |Ψ| 2 , depends only on the relative time delay τ , which implies that the pair is randomly generated at any time. If the wave packets of the pump and the coupling beams are not plane waves, the term e −i(ωc+ωp)tas would become a wave packet with a coherence length determined by the pump and coupling. Equation (25) shows also destructive interference between the two biphoton channels. The first term in the bracket on the RHS of Eq. (25) represents the two-photon amplitude of paired anti-Stokes at ̟ as +Ω e /2 and Stokes at ̟ s − Ω e /2; while the second term is the two-photon amplitude of paired anti-Stokes at ̟ as −Ω e /2 and Stokes at ̟ s + Ω e /2.
To further see the interference, let us look at the twophoton Glauber correlation function,
The physics of Eq. (26) shows the beating (or interference) between two types of paired photons generated from the two FWM processes. The two-photon correlation (26) exhibits damped Rabi oscillations of period 2π/Ω e . The damping rate is determined by the resonant linewidth 2γ e in the doublet. At τ = 0, G (2) vanishes and as τ → ∞, G (2) also approaches to zero. This indicates photon anti-bunching-like effect [G (2) 
In the counter-propagation geometry, if k c + k p = 0, G (2) (τ ) becomes a symmetric distribution about τ = 0, because spontaneously emitted paired photons can trigger both detectors D 1 and D 2 as experimentally verified in [32, 35] . Figure 2(a) shows the first experimental demonstration of this type of biphoton source by Balić et al. in a cold 87 Rb gas [31] . The solid lines in Fig. 2 (a1) and (a2) are theoretical curves obtained from the HeisenbergLangevin theory. In Fig. 2(b1) and (b2), the curves are theoretical simulations using Eq. (26) with the same experimental parameters in (a1) and (a2). Comparing with the Heisenberg-Langevin theory, the state vector picture also gives an agreement with the experimental data. From Eq. (26), Fig. 2(a1) and (b1) correspond to the case of τ e > τ r where the oscillations can be clearly observed before damping out; while Fig. 2(a2) and (b2) correspond to the case of τ e < τ r where only the first oscillation is observable and other disappear due to the fast dephasing rate γ e = γ12+γ13 2
. Although in [31] the lack of other oscillations in Fig. 2(a2) were interpreted due to the group delay, we believe that both cases shown in Fig. 2(a1) and (a2) are in the damped Rabi oscillation regime and the correlation time is well fitted with τ e and τ r . This can be further verified by reducing the optical depth by a factor of 1/2, which is corresponding to a reduction of the group delay by a factor of 1/2. However the correlation time widthes in Fig. 2(a2) hold the same.
If Ω c < |γ 13 − γ 12 |, the effective coupling Rabi frequency becomes purely imaginary, Ω e = ±iβ e . The biphoton wave function becomes
−γeτ e −i̟asτ sinh β e τ 2 Θ(τ ). (27) At the weak coupling limit, β e → γ 13 − γ 12 and Eq. (27) takes the form
This can be understood as follows. Since the coupling beam is very weak, the atomic-level structure is not changed due to the input power. Two types of biphotons are generated with the same central frequency but are associated with different linewidths, γ 12 and γ 13 , respectively. The interference between these two types of biphotons gives a manifested exponential decay. In such a limit, the EIT disappears and the medium absorption decreases the biphoton generation efficiency. This case might be observable in the dilute atomic-gas medium with very low optical depth (OD ≪ 1).
Group Delay Regime
Suggested by Balic et al. [31, 36] and demonstrated by Du et al. [33] , the group delay regime is defined as τ g > τ r and the (EIT) slow light effect can be used to dynamically control the biphoton temporal correlation time.
The group delay condition is equivalent to Ω e > ∆ω g , i.e., the biphoton bandwidth is determined by the phasematching spectrum. Therefore, in this section we treat the third-order nonlinear susceptibility as a constant over the phase-matching spectrum. As a consequence, the mechanism of double resonance of biphoton generation is washed out by the longer group-delay time.
The two-photon correlation in this regime looks more like that with conventional SPDC photons. The coincidences tends to be a square-like pattern. The biphoton wave function can be approximated as ψ(τ ) ≃ κ 0 LΦ(τ ) where κ 0 is the on-resonance nonlinear coupling constant. We find that in this regime, the EIT profile modifies the biphoton wave function through transparency window and slow light. When the EIT bandwidth (∆ω tr ≃ |Ω c | 2 /(2γ 13 √ OD)) is larger than the phasematching bandwidth, the anti-Stokes loss can be ignored and the two-photon wave packet approaches a rectangular shape. However, when the EIT loss is significant, the biphoton wave packet follows an exponential decay.
When ∆ω tr > ∆ω g , we can ignore the loss in Eq. (23) and rewrite it as
Its Fourier transform gives the biphoton wave function
The rectangular function Π, ranging from τ = 0 to L/V g , shows that the anti-Stokes photon is always delayed with respect to its paired Stokes photon because of the slow light effect. It is clear that the two-photon correlation time is determined by the group delay τ g = L/V g . The photon pair generation rate can be calculated from Eq. (18) as
Thus even though the spectral generation rate, κ 0 LΦ(ω), scales as OD 2 , the total rate of paired counts scales linearly as OD because the bandwidth reduces linearly with optical depth [31] . As explained by Rubin et al. [11] , the rectangular waveform may be understood as follows: the paired photons are always produced from the same, but unknown, space point in the nonlinear medium. If emitted from the front surface, the anti-Stokes photon has no delay, and both photons arrive at detectors simultaneously. However, if emitted from the back surface, the anti-Stokes photon is delayed relative to the Stokes photon by τ g . For conventional SPDC photons, the rectangular-shaped biphoton wave packet has been well known and its sub-ps correlation time has been directly measured in [51] .
Interestingly, we find that to observe the rectangular shape, the condition ∆ω tr > ∆ω g sets a lower bound for the optical depth. Using ∆ω tr ≃ |Ω c | 2 /(2γ 13 √ OD) and ∆ω g ≃ 2π/τ g ≃ π|Ω c | 2 /(γ 13 OD), we obtain OD > 4π 2 . It can be shown that such an optical depth is necessary to have the EIT delay-bandwidth product greater than two [25] . Figure 3(a) shows an ideal rectangular-shape correlation with a group delay of τ g = L/V g . In Fig. 3 the experimental demonstration of a near-rectangularshape correlation is obtained at the optical depth around 53 [33] , where experimental data are denoted by "+". The solid line is theoretical fitting using the HeisenbergLangevin theory. As seen from Fig. 3(b) , the correlation time of about 300 ns is achieved and is consistent with the anti-Stokes pulse delay measurement shown in the inset (c), where the smaller curve represents the delayed signal and the higher one is the reference pulse. The experimental parameters used here are γ 13 = γ 14 = 2π × 3 MHz, γ 12 = 0.02γ 13 , OD = 53, ∆ p = 48.67γ 13 , Ω p = 1.16γ 13 , and Ω c = 4.20γ 13 , respectively. The EIT transparency width is estimated around 3.63 MHz and the phasematching spectral width about 2.93 MHz. The theoretical simulation using the perturbation theory [Eq. (13) ], plotted in Fig. 3(c) , also fits very well with the reported experimental data. It is found that the exponential-decay behavior at the tail is due to the finite EIT loss, which alters the correlation function away from the ideal rectangular shape. In the experiment [33] , Du et al. have also experimentally verified that the total coincidence counts are linearly dependent on the optical depth.
The sharp peak shown in the leading edge of the twophoton coincidence counts in Fig. 3(b) is the first observed Sommerfeld-Brillouin precursor [52] at the biphoton level [33, 44] . Mathematically, the integration in the two-photon amplitude (13) is similar with the classical pulse propagation. In the stationary-phase approximation, starting from Eq. (13) one can show that the sharp peak is resulted from the interference of biphotons which are generated out of the EIT opacity window. The detailed analysis of the precursor generation at the twophoton level has been presented in [44] by using the theory laid out in Sec. 2. Although by solving the coupledoperator equations the Heisenberg-Langevin theory predicts the correct pattern, the physics behind the precursor is not easy to be retrieved from this theory.
Suppose now the EIT loss is not negligible, i.e, e −αL ≪ 1. In such a case, the longitudinal detuning function (23) can be approximated as
The two-photon wave function becomes
The correlation function |Ψ(τ )| 2 has an exponential decay time of τ g /(2αL). This means that the anti-Stokes photon detected at τ is generated at the depth of V g τ such that the amplitude decreases by e −αVg τ .
Two-Photon Interference:
From AntiBunching to Bunching In Sec. 4 and Sec. 5, we have discussed the two-photon temporal correlation in two regimes. In general, the twophoton wave function is a convolution of both the nonlinear and linear responses as shown in Eq. (15) . In both regimes, the correlation functions have non-zero values only at τ > 0. The observed anti-bunching-like effect in the damped Rabi oscillation regime is due to the destructive interference between two types of biphoton generation. In principle, if the detection system is frequency sensitive enough to resolve these two types of biphotons, the damped Rabi oscillations will disappear and the square-wave-like pattern manifested by exponential decay will be observed.
In this section, we are going to briefly show that it is possible to switch the two-photon coincidence counting rate from photon anti-bunching-like effect to bunchinglike effect, by manipulating the linear optical responses to both Stokes and anti-Stokes fields [43] . We consider a case that Stokes and anti-Stokes photons are degenerate at both spectrum and polarization so that both Stokes and anti-Stokes experience slow light propagation. As shown in Fig. 4(a) and (b), we consider paired Stokes and anti-Stokes photons produced from a three-level double-Λ scheme in a right angle configuration. In the counterpropagation geometry, frequency-phase matching allows both Stokes and anti-Stokes fields to reach both detectors. The two generated fields both may experience slowlight effect inside the medium due to the linear optical responses. The biphoton wave function now is expressed as
Even though there is no temporal overlap betweenκ(τ ) andκ(−τ ), their convolution with Π(τ ; −L/V g , L/V g ) mixes them together in the time domain. By manipulating the group delay, the two-photon interference in Eq. (34) can be switched from the destructive to the constructive. Alternatively, the coincidence counting rate is changed from photon anti-bunching-like effect to bunching-like effect. This can be achieved by making the indistinguishability of their propagation pathways which gives rise to the biphoton interference. The interference comes from two indistinguishable paths for paired Stokes and anti-Stokes photons. In one possible propagation pathway, the pair is created at z 1 with Stokes photon going to the left and anti-Stokes photon to the right. In the other propagation pathway, the pair is created at z 2 = −z 1 but with Stokes photon going to the right and anti-Stokes photon to the left. The interference between the two paths then modifies the two-photon correlation by further altering the group delay. The details of this two-photon interference are presented in [43] . Recently, Wen et al. has proposed a scheme to switch the twophoton interference from photon anti-bunching-like effect to bunching-like effect by manipulating the linear optical responses to the paired photons in a strongly driven two-level system [49] .
Conclusion and Outlook
In conclusion, using perturbation theory, we have discussed the nature of the two-photon state and its waveform for narrow-band biphoton generation near atomic resonance via FWM parametric process using EIT and slow light. In general, the biphoton waveform is determined by a convolution of the nonlinear response (determined by the third-order nonlinear susceptibility) and the linear response (determined by the longitudinal detuning function). Therefore, the two-photon wave function can be analytically solved in two regimes, the damped Rabi oscillation and the group delay. In the damped Rabi oscillation regime, where the biphoton wave function is mainly determined by the third-order nonlinear susceptibility, the two-photon temporal correlation exhibits a damped Rabi oscillation because of the interference between two types of FWMs. In the group delay regime, where the two-photon amplitude is mainly determined by the phase-matching condition, the correlation approaches a rectangular shape manifested by an exponential decay. The theoretical simulations agree very well with recent experimental results [31, 33] and the Heisenberg-Langevin theory [36, 37] . Although the discusses are based on a four-level double-Λ EIT system, the analysis can be easily extended to three-level and two-level systems. Before concluding, we note that a number of other interesting avenues are presently being explored that are closely related with this new type of biphoton source. By manipulating the linear optical responses to the generated fields, Bell inequality can be tested by two-photon beatings using biphotons generated from a two-level system [49] . It is interesting to note that the correspondence principle fails in describing paired-photon generation in a two-level system. As mentioned in [35, 39] , it is not generally valid to simply replace the coupled-field Maxwell's equations by coupled field-operator equations without changing the coefficients. But the underlying physics is not clear at this moment.
It will be interesting to explore quantum networks with these narrow-band paired photons. For example, the feasibility of an EIT-based quantum memory can be easily demonstrated using current biphoton source by looking at the two-photon interference, as suggested in [53] . It may be interesting to look at the squeezing properties after an EIT system if the input squeezed light is initially generated from the atomic-gas medium [54] . As proposed in [40, 43] experimental demonstration of polarizationentangled narrow-band biphoton generation would be useful for quantum computation and communication.
Another problem is that it is not clear whether the maximally time-frequency entangled photon pairs can be generated in the room-temperature atomic-gas medium. Since all the experimental and theoretical work now are focused on cold atomic ensembles, it would be interesting to know if the Doppler broadening becomes dominant in the process, what kind of feature would be observed in the two-photon correlation measurement? By optimizing the system, can we still observe the damped Rabi oscillations?
Apart from temporal correlation, a possible application of these narrow-band biphotons may involve the transverse correlation [38] . It may be worth studying whether this new type of source is useful for quantum imaging and lithography. 
